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Abstract. The Carmichael lambda function X(n) is denned to be the smallest positive 
integer m such that a m is congruent to 1 modulo n, for all a and n relatively prime. The 
function Afc(n) is defined to be the fcth iterate of X(n). Previous results show a normal order 
for n/Xk(n) where k = 1,2. We will show a normal order for all k. 

1. Introduction 

The Carmichael lambda function A(n) is defined to be the order of the largest cyclic 
subgroup of the multiplicative subgroup (Z/nZ) x . It can be computed using the identity 
A(lcm{a,6}) = lcm{A(a), A(6)} and its values at prime powers which are X(p h ) = <f)(p h ) = 
p k _ p k-i for odd primes p anc i a(2) = 1, A(4) = 2, and A(2 fc ) = 0(2 fc )/2 = 2 k ~ 2 for k > 3. 

Several properties of A(n) were studied by Erdos, Pomerance, and Schmutz in [3J. In partic- 
ular they showed that X(n) = nexp(— (l + o(l)) log log n log log log n) as n — )■ oo for almost all 
n. Martin and Pomerance showed in [B] that A(A(n)) = nexp(— (l+o(l))(loglogn) 2 log log logn) 
as n — > oo for almost all n. The fc-fold iterated Carmichael lambda function is defined re- 
cursively to be 

Ai(n) = A(n), \ k (n) = A(A fe _i(n)). 
We define </>fc(n) similarly. In [6] it is conjectured that 

A fc (n) = nexp f- — -j- (1 + o fc (l))(loglogra) fe log log logn 

for almost all n. In this paper we prove that conjecture. 

Theorem 1. For fixed k, the normal order o/log-^^y is ^-j^(loglogn) fc log log logn. 

We'll actually prove the theorem in the following slightly stronger form. Given any function 
i/j(x) = o(log log log x) and ip(x) — > oo as x — > oo we have 

l0g (a^)) = (fc - i)! ( loglQg ^ fc ( lQgloglQgn + °*M W )) 

for all but 0(x/ip(x)) integers up to x. 

We will also turn our attention to finding an asymptotic formula involving iterates involv- 
ing A and <fi. Banks, Luca, Saidak, and Stanic in pQ showed that for almost all n, 

A(0(n)) = nexp(— (1 + o(l)) (log logn) 2 log log logn) and 

0(A(n)) = nexp(— (1 + o(l)) (log logn) log log logn). 

As a corollary to Theorem [1] we will obtain asymptotic formulas for higher iterates involving 
A and 0. Specifically we prove the following. 
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Theorem 2. For I > and k > 1, let g(n) = <pi(\(f (n))) , where f(n) is a (k — 1) iterated 
arithmetic function consisting of iterates of <j) and A. Then the normal order oflog(n/g(n)) 



is 



ipr, (log log n) k log log log n. 



(fc-i) 



An example of the use of this theorem is for 00A00AA0(n). Since I = 2, k = 5, we get that 
the normal order of log ^ x ^ XX(j){n) is 

— (log log n) 5 log log log n. 

The proof of Theorem [TJ involves breaking down j^j m terms of the iterated Euler 
function by using 

/,x n f n \(4>{n)\ ( fc _i(n)\ / (p k (n)' 



X k (n) \<j)(n)J \4>2(n) J " ' \ <p k (n) J \X k (n) 
of which estimates for all but the last term are known. Hence log , n , , can be written as a sum 

o A fe (n) 

of the logarithms on the right side of ([TJ and so we'll analyze the term \og(<j) k (n) / \ k (n)) . 
The following notations and conventions will be used throughout the paper. The letters 
p, q, r will always denote primes and k > 2 will be a fixed integer. Note that the theorem 
has already been proven for k — 1. Let v p (n) be the largest power of p which divides n, so 
that 



n = I I p 



| T j." 



Let the set V n be {p : p = 1 (mod n)}. Throughout the paper we will assume x > e £e and 
y = y(x) = log log x. Also let ij){x) be any function going to oo such that ip(x) = o(\ogy) = 
o(logloglogx). Whenever we use the phrase "for almost all n < x" in a result, we mean 
that the result is true for all n < x except a set of size 0(x/ip(x)). Lastly we note that any 
implicit constant may depend on k. 

2. Required Estimates 
The following estimates will be used throughout the paper. We use the Chebeshev bound 

(2) ^A(n) = ^logp<a; 

n<x 

where A(n) is the von-Mangoldt function. We also require a formula of Mertens (See [TJ 
Theorem 2.7(b)]) 

(3) ^^ = logx + 0(l). 

q<x 1 

Using partial summation on (T5]) we can obtain the tail estimates 



(A) y ^ < 1 

^ q 2 x 

q>x * 

and 



(5) 



Zi 



q>x 



x log x 



Given m, x, let A be the smallest a for which m a > x. We can then manipulate the sums 

1 

x 



a=0 



aGN 



aGN 
m a >x 



P(a) 1 



a=0 



EQ(a 
m a 



a=A 



for = P(x + A). Then by noting that Y1T=A 1 uniformly for m > 2 and A > 

we obtain the estimates 

( 6 ) > , -Z7T <P — , > , <P 



aGN 



m 14 — ' m u 

aGN 
m a >a; 



From [7, Corollary 1.15] we get 

(7) ^I = l ogx + 0(l) 

s<x 

from which it easily follows that 

(8) Z 



D<s<x 
s=a (mod C) 



1 1 log X 

- < 1 — ■ 

s D C 



We will also make frequent use of the Brun-Titchmarsh inequality (71 Theorem 3.9] 



(9) 



Tc(t; n, a) 



4>{n) \og(t/n) 



By partial summation on ([9]) we can obtain 
(10) 



1 ^ 1(»R loft / 



PGP„ 



Whenever n/<j)(n) is bounded, as it will be whenever n is a prime, prime power or a product 
of two prime powers, we can replace this bound with 



in) 



Z 

P <t 
peP n 



1 c log log t 



< 



V 



n 



for some absolute constant c. We include the c because occasionally we require an inequality 
as opposed to an estimate. We will also require the following asymptotic from [8, Theorem 

1] 

(12) 



I = log log t log // 



pev n 
p<t 



p (j)(n) 



0(n) 



which easily implies that 

(13) ^ J_ = lo^ + /bgn 

p<t 

since the difference is 

f < y> 1 1 1 ^ 

' »(» — 1) — ^— ' mnimn + 1) n 2 ' m 2 n 2 
peV n v y m=l v 7 m=l 

3. Required Propositions and Proof of Theorem Q] 

As mentioned previously, the main contribution to log(n/Afc(n)) will come from log(0fc(n)/Afc(n)). 
Finding this term will involve a summation over prime powers which divide each of 4>k(n) 
and Afe(n). It turns out that the largest contribution to this term will come from small primes 
which divide 4>k{ri). By small, we mean primes q < (loglogx) fc = y h . Hence we will split the 
sum into small primes and large primes q > y h . Therefore to prove Theorem [T] we will require 
the following propositions. The first summations deal with the large primes which divide 
4>k{ri) and the second involves the large primes whose prime powers divide 0fc(n). We will 
show that the contribution of these primes to the main sum is small and hence it will end 
up as part of the error term. 



Proposition 3. 



for almost all n < x. 
Proposition 4. 



for almost all n < x. 



MM"")) ~ v q (X h (n))) log q < fy(x) 

q>y k 

q>y k 



Since the main contribution will come from small primes dividing <f>k{n), the next propos- 
tion will show that the contribution of small primes dividing Afe(n) to the main sum can also 
be merged into the error term. 

Proposition 5. 

q<y k 

for almost all n < x. 

That will leave us with the contribution of small primes dividing </>fc(n). We will use an 
additive function to approximate this sum. Let hk(n) be the additive function defined by 

pi\np 2 \pi-l P*bfc-i-l g<y k 
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The following propostion shows that the difference between the sum involving the small 
primes dividing (j) k {n) and the term hk(n) is small. 

Proposition 6. 

Y u i(M n )) logg = h k (n) + 0{y k ~ 1 \ogy ■ ip(x)) 

q<y k 

for almost all n < x, 

That leaves us with log(0fc(n)/Afc(n)) being approximated by hkin). The last proposition 
will obtain an asymptotic formula for h k (n). From there we will have enough armoury to 
tackle Theorem [TJ 



Proposition 7. 



hk(n) = y k logy + 0(y k ) 

{k-iy. 



for almost all n < x. 

Proof of Theorem^ We start by breaking down the function \og{n/\ k (n)). 
log ( " )= log (») + log («?>) + ■ ■ ■ + log ( + log 



\k{n)J \4>( n )J \4>2{n)J V 4>k(ri) J \Xk(n) 

Using the lower bound 0(m) ^> m/ log log m, see [TJ Theorem 2.3] we have that 

\4>{ n )J \<h(n)J \ M n ) J 



and so 



lo S ( T-TT ) = lo S \ < ¥t\ ) + C (log log log n). 



In fact we could have used a more precise estimate for 0j(n)/0; + i(n) for i > 1 which can 
be found in [2] but the one we used is more than good enough. Next we break down the 
remaining term into summations. We will break it up into small primes and large primes. 



q>y <iSy 



> ? (0fe(n)) - z/ 9 (A fc (n))) logg 



( u g(M n )) - ^(A fc (n)))logg+ ^ (v q ((j) k (n)) - is q (\ k (n))) log q 
q>y k q>y k 

+ 5^ ^(^H) lo g? _ v q (\k(n))\ogq. 

q<y^ q<y k 

Note that if a | 6, then A(a) | 0(6) since A(a) | 0(a) | 0(ma) for any m. This quickly implies 
that Ajt(n) always divides <p k (n) for all and so we get 

0< M<p k (n))-u q (X k (n)))logq< ^ M</>k(n))logq. 

q>y k q>y k 

M4>k(n))>2 v q {<t> k {n))>2 



Using Propositions I3f4"f5l and |6] we get 

log (t4^) =h k (n)+o(y k ^(x] 
for almost all n < x. Finally by using Proposition [7] we get 

1Og (]^)) = 0^1)! ! '* 1Og! ' + O (^ (:C; 
for almost all n < x, finishing the proof of Theorem [TJ □ 

4. Prime Power Divisors of <pk(n) 

For various reasons thoughout this paper, we are concerned with the number of n < x 
such that q a can divide 4>k{n)- We will analyze a few of those situations here: 
Case 1: q 2 \ n. Clearly the number of such n is at most Jj. 

Case 2: There exists p\ E V q 2,p 2 £ V P1 ,P3 G V P2 , ...,pi E V Pl _ l where pi \ n. By using (1TT1) 
repeatedly we get that the number of such n is 

£££■■•£ 1= ££•••£ 1 

n<x Pl eV q 2 P2£V P1 Pi<^'P Pl _ 1 Pi€V q2 P2€V P1 PieV Pl _ x 



Pl\n 



n<x 
Pl\n 

\ -» \ -» \ X 



Ex 

Pi 

PieV q2P 2eV Pl PieV Pl _ 1 i ^ L 



« 



xy 



pi P2&v P1 pi-iev Pl _ 2 
PieP q2 P2eP Pl yz 



« £ 



PiGP g2 Pl 

< — 

Now that we've taken care of any case where p e P g 2, we are just left with the possibilities 
not containing any powers of q. Unfortunately these cases still allow for many possibilities 
which we will display in an array. There are lots of ways for a prime power q a to arise in 
0fc(n) we now define various sets of primes that are involved in generating these powers of 
q, and we will eventually sum over all possibilities for these sets of primes. The set Ch,i will 
denote a finite set of primes. To begin, the set C\ t i will be an arbitrary finite set of primes 
in V q and let C\ t \ be empty. That is: 
Case 3: 

Level (1,2) 

A,2 C V q . 

Level (2,1) (Obtaining the primes in the previous level) 



£2,1 is any set of primes with the property that for all p G £1,1 U £1,2, there exists a unique 
prime r G £2,1 such that r G Pp. In other words p will divide 0(r) and hence the primes in 
£2,1 will create the primes in C^i U £1,2- 

Level (2,2) (New primes in V q ) 

£ 2 , 2 c v q . 

In general for all 1 < h < fc we have for all p G £^-1,1 U £^-1,2 there exists a unique prime 
r G Ch,i such that r G V p , Ch, 2 is an arbitrary subset of V q , and 

r G £ M U £ fci2 =>• r I n. 

Some description of the terms are in order including some helpful definitions. 

Definition 8. An incarnation / of Case 3 is some specified description of how the primes in 
a lower level create the primes in the level directly above. 

For example, for k = 3, an incarnation / for which q A | (f)^{n) would be S\, s 2 , S3, r 3 , r 4 G V q 
where r l G V si ,r 2 G V S2S ^p x G V rir2 ,p 2 G V r3r4 , with p x p 2 \ n. 

Definition 9. An subincarnation of / is an incarnation with added conditions. In other 
words if J is a subincarnation of / and an integer n satisfies incarnation J, then it will also 
satisfy incarnation /. 

For example, J is a subincarnation of the incarnation s\, S3, r%, r 4 G V q where r\ G V Sl , r 2 G 

V sa ,Pi G V rir2 ,p 2 G V r3r4 , with p x p 2 \ 71. 

Let p be a prime in C h i which we need to divide 4>k~h+i( n )- The definition of £/ lji ensures 
that there is a unique prime dividing <pk_i l {n) for which p \ r — 1. The primes in levels 
(k, l),(fc,2) dividing n are for the base case of the recursion, so that each prime divides 
0o {n) — n. When i = 2 we are introducing new primes to get greater powers of q in <fik{n). 
Note that it's not necessary to have any primes on the levels (i,2). In fact the "worst case 
scenario" that we will see has no primes on these except Level (1,2). 

Now that we've described the way to get q a \ 0fc(n), what is our exponent a? Let m^j = 
#£/ lj j. From the recursion above we can see that g™*. 2 | <fi(n) and so do the primes in £^-1,1- 
For the second iteration of 0, g m fc.2 _1 + m fe-i,2 | 2 (n) and so do the primes in £fc_ 2i i. Hence 
the power of q which divides <pk{ n ) is 

(14) max (mi,i + V (m h>2 - 1)) 

1<7<K ' 
2</i<j 

where the sum can be empty if there are no primes in the second level (j, 2) or there are not 
enough to survive, i.e. m^ 2 < j — 1 and hence q \ ^jdlz;^ 2 V)- Without loss of generality, we 
can assume the former, since the later is a subincarnation of the former. 

Now we'll introduce some notation to be used in future propositions. For any single 
incarnation of Case 3, let M be the total number of primes, be the total new primes 
introduced at the levels (h, 2) and H be the maximum necessary level (h,2). Specifically 

m = y^x m h,i + m K2) n = m K2 

h h<H 

and H yields the maximum value in (Tl4"|) . Note that under this notation, q N ~ H + l | fc (n). 
For example, in the incarnation I above, 

£1,2 = {si,s 2 ,s 3 },£ 2 ,i = {n,r 2 }, £2,2 = {r3,r 4 },£ 3> i = {p 1 ,p 2 }, £3,2 = 
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as well as 

mi, 2 = 3, m 2 ,i = 2, m 2j2 = 2, m 3 ,i = 2, m 3>2 = 0. 
Hence M = 9,iV = 5,if = 2 and so the power of q which divides 03 (n) is 5 — 2 + 1 = 4 as 
expected. 

Now that we've described Case 3, how many possible n are in that case? 
Lemma 10. The number of n < x satisfying any incarnation of Case 3 is 

M ' 

0[c mXV 



q N 



where c is the constant from equation ( TTTj) . 

Proof. Let Ch = Ch,i U Ch,i- We use Brun-Titchmarsh (fTTT) for all the primes at each level of 
Case 3, so the number of n is 

EEE-E'=EE-EE' 

n<x pie£i P26.C2 Pfe6£ fc Pi6£iP2e£2 p k eC k p k \n 

n<x 

«EE ••• £ n x - ■ 

Note that we have repeatedly counted the same primes in the sum as we can reorder the 
primes in each level. It won't be important here, but will need to be more carefully addressed 
later. Since the primes in level (k, 1) gave us some p k G V Vk _ x for all the primes in Ck-i, and 
for p G Ck^k we have p G V q . By Brun-Titchmarsh (fTTT) we get that the above sum is 

. ^ . ^ ^ x( C y) mk ' 1+mk ' 2 

P ieC lP2 eC2 p fe _ie£fc_i 11 Pfc-i e£ fc-i^ /c iy 

Once again we get m^-i^ + m^-i^ new applications of Brun-Titchmarsh giving the new 
primes in level k — 2 as well as mk-1,2 new powers of q. Continuing along in this manner we 
get: 

^ X ( C y)^<i<k( m ^+ m ^ 

^ ^ FT n ./,E 2 <i<t m i,2 

p ie £! llpie£i - - 

I ( C2/ )Ei<,< t K,i+««u) x(q/) M 



□ 



The last thing we'll consider in this section about the ways to obtain 0fc(n) is to determine 
the number of possible incarnations of Case 3. We note that there are lots of incarnations 
which are subincarnations of others. We will develop a concept of minimality. 

Definition 11. An incarnation of Case 3 is minimal if it does not contain any strings of 
Pi G V P2 ,p 2 G V P3 . . G V Pk where p k \ n. 

Note that any incarnation of Case 3 is a subincarnation of a minimal one. We now use 
this concept to show the number of necessary incarnations of Case 3 is small. 
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5. Large Primes Dividing 4>k{n) 

In this section we will prove the two propostions dealing with q being large. We'll start 
with the propostion where u q (<p k (n)) = 1. 

Proof of Proposition 0. It suffices to show 

Y Y ( u <i(M n )) ~ v q (h(n))) logg < xy k 

n<x q>y k 

vq(<f>k(n))=l 

as then there are at most 0( ^f^^ ) = O(^y) such n where the bound for the sum in 
Proposition |3] fails to hold. We examine the cases where z/ g (0fc(n)) = 1. Using the notation 
in Lemma [TU1 we have two subcases for Case 3, whether N = 1 or N > 1. 

Suppose N = 1, then H = 1, = 1 and rrih,2 = for 1 < h < k. Since m^i < 
m/i_i ; i + rrih-1,2 we get m^i < 1 for all 1 < h < k. Hence m^j = 1 for all h < k and so we 
get the case: 

Pi e P g ,P2 e P Pl ,P3 e V P2 , . . . ,p k e V Pk _ x 

where p k \ n. However in this case we also get v q (\ k {n))) = 1 giving us no additions to our 
sum. 

Suppose N > 1, then M = Xwi( m M + m /i,2) < kJ2h m h,2 = kN so the number of cases 
we get are 

/ Af xy M \ c M xy kN c M xy 2k 

since y > q k . Since v q ((f)k{ n )) = N — H + 1 and H < k, N < k implying that M < k 2 . Hence 
c M is bounded as a function of k. Also since M is bounded in terms of k, there are Ojfe(l) 
possible incarnations of Case 3, and the bound already absorbs the possiblities from Cases 
1 and 2. Hence we have 



Yl Y ( u i(M n ))-v<iMn)))\ogq<Y Y logq 

n<: 

t>k(f> 
N> 

xy 2k log q 



q>y k n<x q>yk n<x 

v q {(f>k(n))=l u q (<t> k (n))=l 

N>1 



q>y k 

< xy k 



q 2 



by (@]). □ 

We turn our attention to v q {<pk{n)) > 1. We have to be more careful here since we can't 
guarantee that the number of incarnations of Case 3 is 0^(1). We'll start by proving a lemma 
which can eliminate a lot of those cases. 



9 



Lemma 12. Let q > y k and S q = S q (x) consist of all n < x such that Case 1,2 or Case 3 
where M < k(N — 1) occurs. Then 

*s, « xy " 



q ^ 9 

T 

Proof. There are clearly Ofc(l) incarnations of Cases 1 and 2 and each yield at most 0(xy k /q 2 ) 
such n. By Lemma [TTJ1 for each incarnation of Case 3, we get at most 

c[ cM y M \ << cM ^ 



q N J - q 2 

such n since M < k(N— 1) and g > It remains to show we only require Ojfe(l) such incarna- 
tions. Suppose n satisfies an incarnation with M < k(N — l). Then it also satisfies a minimal 
incarnation with M < k(N — 1) since removing a string of p\ G V P2) p2 £ P P3 • • -Pfc-i G P Pfc , 
would decrease AT by 1 and M by k leaving the inequality unchanged. Secondly we can as- 
sume that n also satisfies an incarnation where k(N — 2)<M< k(N — 1) since we can keep 
eliminating primes in the £^2, which decrease N by 1, but M by at most k. This must eventu- 
ally produce an incarnation where k(N — 2) < M < k(N — 1) since if we eliminate all primes 
in the £j j2 but 1, then M > k(N — 1). Also note that the condition rrih,i < ™>h-i,i + "7.71-1,2 
forces M < fcA/". If M is bounded between /c(A/" — 2) and fcA/" and the incarnation is minimal, 
we get that A" is bounded by 2k since eliminating a prime in £ i 2 can only shrink M by at 
most k — 1 since our incarnation is minimal. 

Therefore n satisifies an incarnation where A" and hence M are bounded functions of 
k. Since there are only 0^(1) such incarnations, we get our result, noting that c M can be 
absorbed into the constant as well. □ 



Proof of Proposition^ Let S = S(x) = {J q>y h S q . Using Lemma [T21 we have 



q 2 - q 2 \ og (y k )y k ip(x) 

q>y K q>y q>y 

by (j3J). As for the n with n ^ S and a = f g (0j.(n)) > 1, the only remaining case is that 
M > k(N — 1). Recall that a = N + H — 1. If H = 1, then A" = mi^ = a, and so 777.2,1 = a — 1 
or a. Otherwise for k > 2, 

Af = ^ m hl < a +(k- l)m 2j i < a + (Jfe - l)(a - 2) = k(a - 1) - k + 2 < (k - 1)N 

h 

leading to a contradiction. If H > 1, then we again wish to show that 777.2,1 > a — k. 

M = yXmh,i + m h ,2) 
h 

< km lt2 + (k - 1) m h,2 

h>l 

= m 1)2 + (k - 1)N 
= k(N - 1) - N + k + m lt2 
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which implies > N — k and so Ylh>i m h,2 = N — m^i < A;. Therefore if m 2j i < a — k, 
then 

Af = ^(m h) i + m hj2 ) 
h 

< m 1)2 + (A; - l)m 2 ,i + (A; - 1) V"m M < a + (A; - l)(a - A; - 1) + (k - l)(k - 1) 

h>l 

= ak — 2k 

< k(N-l) 

as iV > a again leading to a contradiction. Hence 7712,1 > a — A; and so we can get 
Y Y (" q (Mn))\ogq<2j2 Y M0fcH)-l)logg 



n t s i>y k n t s i>y k 



< 



Y logqJ2 a Y L 



* a>2 n<x 



Unfortunately, just blindly using the Brun-Titchmarsh inequality in ( JTTj) won't be good 
enough as we must sum over all a. Let g{a,k) = (a — k)\ if a > k or 1 otherwise and note 
that since we have m 12 > a — k, we have at least g(a, k) permutations of the same primes. 
Then by using Lemma [TD] we get 

E, \ - x(cy) M ac k( - a+k ~ 1 ' 1 xy 2k 

f?(0fe("))=a 

using the assumption that q > y k and M < A;iV < A; (a + k — 1). Hence we get our sum is 

Y Y M0fc(n))io gg < Y^^Y a 2 a(a k) 

niS q> y* q> y* a>2 q ^ ' > 

n < x v q {<t> k {n))>l 

2k QC fc ("+ fc - 1 ) 

However the latter sum converges to some function depending on k, and so we get 

2k v-^ log q k 

< x v Y < ^ 

by Q. □ 
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6. Small Primes Dividing X k (n) 

We now turn our attention to the bound involving A&(n) in the summand. Just like when 
we were dealing with the number of cases where q a \ <pk{ n )i we will need a lemma to deal 
with the number of cases where q a | Afc(n). Fortunately this case is much simpler as the only 
two ways for q a | X(n) is for q a+l \ n or for there to exist p \ n with p G V q a. Note that these 
conditions aren't sufficient, but are necessary when q = 2. 

Lemma 13. The number of positive integers n < x for which q a \ Xk{n) is O(^pr). 

Proof. We'll proceed by induction on k. If k — 1, then q a \ X(n) if q a+l \ n or p e V q a with 
p | n. The number of such n is at most 

E 1+ E 1 «4t+ E -«4t + -«-- 

n<x n<x H peV q a r H H H 

q a+1 \n P&V q a 
p\n 

k — \ 

using ( TTTj) . Suppose the number of n < x for which q a \ Xk-i(n) is 0{ — a ). If q a | Afc(n), 
then either q a+l \ Xk~i(n) or p £ V q a with p | Afc_i(n). Hence the number of such n is 
bounded by 

xy v -< xy xy xy xy 



E 1+ E i«^r+E^«^r + 



flf°+ 1 |A lb _ 1 (f») PG7> 
p|A fc _!(n) 

as needed. □ 
Proof of Proposition^ Like in the proof of previous propositions, we'll show 

E E ^(AfcH)logg <x/. 

n - x q<y k 

The left hand side is equal to 

E E^a^)) log g = zCzC log g E 1 

n<x q<y k n<x q<y k a£N 

<? a |Afc(n) 



<EE l0 ^ E i + EE lQ g^ E L 

n<x q<y k a6N n<x q<y k a€N 

q a <y k 9 a |Afc(n) 



q a >y k 



The first sum is 



E E log? E 1 = E E A ( m ) < H yk ^ ^ 

n<i 5<y fe aGN n<z m<y k n<x 

q a <y k 

and by Lemma [13] and using the geometric estimate in ([6]) the second sum becomes 

k k 

EE l0 ^ E x « E lo «9 E ^r« E lo g^«^ fc - 

9 a |A fc (n) ' g a >y fe 



q a >y k 
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□ 

7. Reduction To h k (n) For Small Primes 

The small primes dividing <pk{n) are what contributes to the asymptotic term of log(n/Afc(n)). 
In this section we show that the important case is the supersquarefree case of p dividing (j)k{n) 
which is when 

p e V pi ,pi e V P2 . ..pk-i e V Pk ,p k | n. 
For this reason we will approximate the sum J2 q<y k v q (4>k(n)) logg with 

(15) h k (n) = Y Y "' Y Y u o( pk ~ 1 ^ ogq - 

pi|np 2 |pi-l q<y k 

Proof of Proposition® For any fixed prime q, we know that 

v q ((f)(m)) = max{0, v q (m) - 1} + Y v q(P ~ !)> 

p\m 

which implies 

p\m p\m 

Repeated use of this inequality for m = <pi(n) where I ranges from k — 1 to yields 
Y v q (p-l) <v q (<p k (n)) 

p\<t>k-\{n) 



< Y Y v &- 1 ) 



(16) 

p\<t>k-i{n) P\4>k-2(n) 

+ '"+ Y v q (p-l) +v q (n). 

p\4>{n) 

A prime p divides 0fc_i(n) either in the supersquarefree case (ssf), or not in the supersquare- 
free case (nssf), yielding 

5>,(p-i)< Y ««(p-i) 

ssf p|0fc-i(") 

<Y v ^p-^ + Y v ^p-^- 

ssf nssf 

Combining this inequality with ffTBI) yields 
Y v <i{P- 1 ) < v q (M n )) 

ssf 

<Y<P- l ^ + Y<P~ l ^ + Y « 9 (P-1) + ---+ X) v q (p-l)+v q (n). 

ssf nssf p\(j>k-2{n) p\H n ) 

Subtracting the sum over the supersquarefree case, multiplying through by logg and sum- 
ming over q < y k we get 
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< E v ii ( t ) k{n)) \ogq - h k (n) 

q<y k 

q<y k nssf q<y k p\c/> k _ 2 (n) q<y k p\n 



where we get hk{n) from ( fi"5i) . Hence it suffices to show that the sum on the right side 
becomes our error term. For the sum 



EE E v q ( P -i)\ogq = j2Yl E E 

n - x q<V k P\<t>m(n) n<x q<y k p\<j> m (n) aGN 

q a \p—l 

= £ i. 

n<x q<y k agN p&V q a 

p\4>m(n) 



we'll split the sum over values of p < y k 1 and p > y k 1 . For p < y k 1 we uniformly get for 
all n that 



E^E E ^ E^E 7 ^ -1 ^ 1 ) 

q<y k agN p€V q a q <y k agN 

p<y k ~ 1 
p\<t>m{n) 

< log g — r 

^ ^ 6(q a ) 

q<y k agN rvy ; 

< y E 

<y fe - 1 logy 



using the geometric estimate (E]) and the prime number theorem for arithmetic progressions. 
As for p > y k ~ 1 we fix an M and N from case 3 for which p \ (p m {n) 1 of which there are at 
most 0^(1) such M,N since v p (<j)(m)) = 1. Therefore 
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M 

EE^E E i«E'°g«E E 

n<a; aGN p>y fc -! <?<j/ fe aGN pGP 9 a 

pGP 9 a p>j/ fc - 1 
£#m (n) 

™.M-(fe-l)(A r -l) 

sE^EE 2 -: — 

<j<j/ fc aGN p67> 9 a F 

«E l0 S^E^ 

q<y k aGN 

< , 5 
<?<?/ 

< xy M-(k-l)(N-l)+l lQgy k 

<^xy M -^ N -^ +1 \ogy. 

Since the M, N were chosen for (f> m (n) we know that M < mN where equality holds if and 
only if we are in the supersquarefree case. Now either m < k — 2 or m = k — 1 and we are 
not in the supersquarefreecase. In the former case we have an error of 

0( xy (fc-2)iv-(fc-i)(iv-i)+i logy ) = (xy k - N \ogy) = O^/- 1 logy) 
since N > 1, or in the latter case 

OixyW+V'-W-V+Hogy) = O^Mogy). 

Thus we get 

X ( X) X^~ 1 ) 1 °S?+ X) X l)logg + ... 

n<x \q<yknssf q<y k p\4>k-2(n) 

+ X X^G°~ i) 1 ^*?) < xy fc-1 logy 

g<y fe p|n 

and so 

X ^2 V i(P- 1 ) 1 °g?+ X X V,(p-l)logg+... 

q<y k nssf q<y k p|0 fc _ 2 (n) 

+ X X^0°~ !) lo g9 «3/ fc-1 log3/"0(aO 

g<j/ fc p|n 

as required. □ 
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8. Reduction to the First and Second Moments 

The Turan-Kubilius inequality [3 Lemma 3.1] asserts that if f(n) is a complex additive 
function, then there exists an absolute constant C such that 

(17) ^\f{n) - M^x)^ <CxM 2 (x) 

n<x 

where Mi(x) = J2 p < x \f(p)\/P anc ^ M 2 (x) = ^2 p<x \f{p)\ 2 /p- Since hk{n) is additive we can 
apply this inequality where Mi (a;) = Y. p < x hk{p) /p, M 2 (x) = ^2 p < x h k {p) 2 /p. We will need 
to find bounds on Mi and M 2 therefore it's our goal to prove the following two propositions: 

Proposition 14. For all x > e £e , 

Mi{x) = y k logy + 0(y k ) 

Proposition 15. For all x > e 6 , 

M 2 (x)«y 2fe - 1 log fc - 1 y. 
These will lead to a proof of Proposition [7J 

Proof of Proposition^ Let iV denote the number of n < x for which \hk(n) — Mi(x)\ > y k . 
The contribution of such n to the sum in ffTTj) is at least Ny 2k . Thus Propostion [T5l implies 
N x log fe_1 y/y and so Proposition [Ml implies that hk(n) = jj^yV k l°g V + 0(y k ) except 
for a set of size 0(x(log?/) fc_1 jy). □ 



9. Lots of Summations 

In our proofs of Propositions [141 and [T5l we will see that M\{x) and M 2 [x) will reduce to 
summations involving t^[x\ p, 1). We will be using some sieve techniques to bound these sums 
and those will require some bounds on sums on multiplicative functions involving <p{m). This 
section will involve the estimation of the latter sums. 

Lemma 16. For any non-negative integer L we have 

m<t rv 1 

Proof. If f(n) is a non- negative multiplicative function, we know that 

oo 

n<t p<t r=0 
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Applying flU with ^n+i yields 



T / OO T T 

m y-r / x p' ^ 



rh(m\L+l - II ( 1 + 



m<t T v y p<t 



II + S 

(1 
1+ (p-l)^ 1 1 



n 



p 



L+l 1 _ 1 



(p - 1) L + 2 



< 



exp 



5>g f 1 



pL+l 



^ ( 1 

^2 



eXp (S((^ ra + 0l ( 

-tee + °'(?))) 



p<t 

<L logt 

using (j3J). □ 
Lemma 17. Given a positive integer C < t 1 and non-negative integer L we have 

, s (Cm + 1) L 

^ 0(Cm + l) L 0(m) 

Proof. It will suffice to show 

(Cm + l) 2 ^ 1 logt 



m<t 



(f)(Cm + l) 2L " C 



as then by Cauchy-Schwarz we can get that 

. ^ (Cm + l) L \ 2 (Cm + lf- 1 (Cm+1) 

^0(Cm + l)^(m)J " ^ 0(Cm + 1)^ ^ 0(m) 2 

« L (^)ciogt 

<L log 2 t 

by using ( I18p . Using Mobius inversion, let s(n) be the multiplicative function defined by 



n 2L 



1 * s = ^ s(rf). 



</>(n) 2L 
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Testing at prime powers, we can easily see that 



Hence 



i\ -21 



s(l) = 1, s(p) =(!--] - 1 and = for all k > 2. 



^ 0(Cm + 1) 2L ^ 0(n 



2L 

n=l (mod C) 

1 n 2L 
^-~t n<b(n) 2L 

C<n<Ct+l rv ' 
n=l (mod C) 



C<n<Ct+l d|n 
n=l (mod C) 

= E s < rf > E I- 

d<Ct+l C<n<Cm 
d|n 

n=l (mod C) 

By (jSJ) and noticing that C and d are relatively prime we get 

£ 1 



1 log* 

< 1 — 

n C + 1 dC 

C<n<Ct+l 
d\n 

n=l (mod C) 



where the first term occurs only if d | C + 1. We require some estimates on s 



£ £(d) < jj A , « ' -1//')" 2L 



d<Ct+l ' 1 v ^ 



< 



p<Ct+l v 


n 




p<Cm v 


exp | 






v p<Ci+l 


exp | 


(S 




v p<CH-l 


exp(0 L (l)) 



^2 



<L 1 
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and 



s(d) < J2 s ( d ) 

\c+i 

l*s)(C+l) 



d<Ct+l d\C+l 
d\C+l 



C + l x " 1L 



Therefore 



«(loglogC) 2L 
< 7 (loglogt) 2i 

< Lj7 logt. 

^(Cm + l) 2 ^ 1 ^ s(d) s -^s(d)\ogt logt 
^ <P{Cm + l) 2i < ^ (7+T + ^ Cd <L ' 7 ~7T 

m<t ^ v ' d<Ct+l d<t 

d\C+l 

as needed. □ 

Lemma 18. For positive integers C±, C 2 , ■ ■ ■ , C r < t 1 and non-negative integers L%, L 2 , . . . , L r 

we have 

v (Cim+l)^(C 2 m + l)^...(C r m + l) £ - 
^ 0(dm + l) L ^(C 2 m + 1)^ . . . 0(C rm + l)^0( m ) ^'-^ g ' 



Proof. We proceed by induction. The case r = 1 is covered by Lemma [T71 Suppose 

(Cim + l) Ll (C 2 m+l) L2 ...(C r m + l) z "- 
^0(Cim + l) i i0(C 2 m + l) i 2...0(C rm + l)^0(m) <il -- L -'T og ' 

By Cauchy-Schwarz, we get that 

x ^ (dm + l) Ll (C 2 m + l) La . . . (C r+1 m + 1) L ^ 
^0(Cim + l) Ll 0(C 2 m + 1) L2 . . . 4>(C r+ im + l) L ^<j>{m 

(dm + l) 2il [C 2 m + l) 2i2 . . . (C r m + l) 2Lr ^ (C r+1 m + 1) 



2L 



r+l 



. ( <^(Cim + l) 2i i0(C 2 m + 1) 2L 2 . . . 0(C r m + l) 2i ^(m) ^ (j)(C r+1 m + l) 2L ^(j){m) 



<i 1 ,... ) i r+1 , 7 log 2 * 

by Lemma [T71 completing the proof. □ 

Lemma 19. For positive integers C\,Ci, ...,C r < t 7 and non-negative integers L±, L 2 , L r , L 
we have 

x ^ (Cim + l) Ll (C 2 m + l) L2 ...(C r m + l) I "-m L - 1 
1 j ^ 0(dm + l)^(C 2 m + 1)^ . . . 0(C r m + l)^0(m) L ^'-^.^y °S " 
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Proof. Once again we'll use Cauchy-Schwarz and the previous lemmas. 



(dm + l) Ll (C 2 m + l) i2 . . . (C r m + l) Lr m l 



...,/-- 1 



^6{C x m + l) Ll 6(C 2 m + 1) L2 . . . 6(C r m + l) L -6(m) L / 

(C 1 m + l) 2Ll (C 2 m + l) 2L2 ...(C r m+l) 2L '' ^ m 2L ~ 2 



< 



E 



0(Cim + l) 2L i(/>(C 2 m + 1) 2L2 . . . 6(C r m + l) 2i -0(m) ^ 6(m) 2L - 1 



<Li,...,L r ,L, 7 log 2 t 

by Lemmas [TH and [TSJ □ 



10. More Summations involving n(t,p,l) 

The previous section involved lemmas required to prove summations including terms such 
as 7i(t,p, 1). A lot of these summations will involve sieving techniques. This section will be 
split into proofs of two lemmas involving the summations required for the sums arising from 
the Propositions [L4l and [151 

Lemma 20. Let 6, k, I be positive integers with 2 < I < k. Let t > e e be a real number and 
let constants a, a\, ct 2 satisfy < a < 1/2 and < a% < ct 2 < 1/2. 

(a) Ifb>t a , then 

(23) 2^ 2^ "' 1^ 7r ( < ;P2> 1 )< 1 

(b) 1/6 < t Ql , t/ien 

ft 1 " 1 * 



k-2 



(24) ]T E • • E ^P2,l)« 



6(b) 1 log t 

P;M Q 2 



(c) Ifb< t a \ then 

£(log logt)^ 1 



(25) £ £ ...J] 



< 



0(6) log t 



T7ie implicit constants in (a) — (c) depend on the choices of the a. 
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Proof. For (123|) we just use the trivial estimate 7i(t;p 2 , 1) < t/p 2 and several uses of Brun- 
Titchmarsh (TTTj) to get 

E E -E-to^ E E -Es 

Pk^Pb Pk-i^Pk P2&V3 Pk&'Pb Pk-ieVk P2&Vz 

E\ - \ - log log t 

> ••• > 

PkeVbPk-^Vk ps&Va 
^ ^ ^ (loglogt) fc - 2 



< t 



E 



(loglogt) fc 2 



m 

m=l (mod fe) 
t a <m<< 

tlog£(loglogt) fe ~ 2 
- b 

where m > 1 and m = 1 (mod 6) imply that m > b and by using ([7]). As for ff24|) we get 

EE-E 7r ( t ^ 2 ' 1 ) 

pi&PbPi-i&Pi 

l>t a 2 

= ^E 5E ' ' ' 5E #{( m i'-P2) : P2 = 1 (mod p 3 ),p 2 > i" 2 , "^iP2 + 1 < t,p 2 , mip 2 + 1 prime} 

Pl &Vb Pl-l&Vl P3 

= JE 5E ' ' ' 5E #{( m i' m 2,P3) : P3 = 1 (mod P4,),p 3 > t a2 ,m 1 (m 2 p3 + 1) + 1 < t, 
Pi ePb pi - 1 eVi P4€Vs 

l>t a 2 

{p 3 , m 2 p 3 + 1, mi(m 2 p 3 + 1) + 1} prime} 
= #{(mi,m 2 , . . . ,mi-i,pi) : p t = 1 (mod > t° 2 ,mi(m 2 ■ ■ ■ (mi- 2 {rni-iPi + 1) + 1) + . . . 
+ 1 < t, {p b mi^pi + 1, mi^mi^pi + 1) + 1, . . . , m x (m 2 . . . (mj_ 2 (mj_ip; + 1) + 1) 
+ • • • + 1} prime} 

< 5E #{pi<t/m 1 ...mi- 1 : pi = 1 (mod b), 

m 1 --- l ^ 1 <t 1 - a 2 

{pum^ipi + l,mi- 2 (rni-ipi + 1) + 1, . . . , m 1 (m 2 ...(m l - 2 (m l -ipi + 1) + 1) H hi} prime}. 

From here will need to use Brun's Sieve method (see [H Theorem 2.4]) to get that 



<t/mi . . . mi-x ■ Pi = 1 (mod b), 

{pumi^ipi + l,m/_ 2 (^_ip; + 1) + 1, . . .,mi(m 2 . . . (mi- 2 {m-iPi + 1) + 1) H hi} prime} 

E 1 " 1 b 1 ^ 1 bc\...c\-\ 1 1 mi . . . mi-ib 

< 4>(E) l -i m 1 ' 1 tffa ■ ■ • Q-i) (log t/m 1 . . . m^b) 1 
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where the c, and E are 
i-i 



^ = ( H m i ( * +1)/2 ) (1 + m i + mim 2 H h mi ■ ■ - r7T, ; _ 3 ) (1 + m 2 + m 2 m 3 H h m 2 . . .m^_ 3 ) 

. . . (1 + m ; _ 3 )(l + mi + mim 2 H h m x . . . m ; _ 4 )(l + m 2 + m 2 m 3 H h m 2 . . . rm,_ 4 ) 

. . . (1 + m ; __ 4 ) . . . (1 + mi) 
and for 1 < i < Z — 1, 

q = 1 + m, + niim i+ i H hmj... m^_ 2 , q_i = 1. 

Now using (p(mn) < 0(m)0(n) and nil . . . nii^ib < t 1+OL1 ~ a2 where 1 + ai — a 2 < 1 we get 

E l ~ l b 1 - 1 Ci Q_! t 



</>(£)'-! 0(6)' 0( Cl ) " ' 0(q_O mi . . . m,_i(logf)'' 
Using 



m L m 



(f)(m L ) 0(m) ' 

we get the sum 

E 1 - 1 Cl Q-l 1 (E*) 1 - 1 Cl Q-l 1 

^ 0(E)'- 1 0(ci) ' ' ' 0(q_i) mi... mi-! ^ (j){E*) l ~ l <j>( Cl ) ' ' ' 0(Q-i) m x . . . m w 

mi...mi_i<t 1 a 2 mi...m;_i<f 1 a 2 

where 

E* =(1 + mi + mim 2 + h mi . . . m/_ 3 )(l + m 2 + m 2 m 3 + h m 2 . . . m/_ 3 ) 

. . . (1 + m;_ 3 )(l + mi + m x m 2 H h m x . . . m/_ 4 )(l + m 2 + m 2 m 3 H h m 2 . . . m ; _ 4 ) 

. . . (1 + m ; _ 4 ) . . . (1 + m 4 ). 

We have that every factor in E* as well as the q are of the form 1 + Cm, for some i or of the 
form mf. Hence using I — 1 applications of Lemmas [TBI [IS] or [01] we can pick off the factors 
of the form (1 + Cm,) one at a time. 

E '~ x Cl Q-i i 

s+i-c ^E) 1 ' 1 <K c i) "' 0(Q-i) mi... mi-i 

m,2...mi_i<t 2 

<<C ^„ Q2 m) ■ ' ' 0«-r) m 3 ... m,_i ( ° g t} 

m3...mi_i<i 2 

< ••• < (logt)^ 1 . 

where the E^ e \ of* denote the E* and Cj terms with the factors of the form 1 + Cmi through 
1 + Cm e removed. Note that the C are at most 1 + t + t 2 + ■ • • + t k ~ 3 < t k ~ 2 and I < k so 
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the implied constant only depends on k. Therefore 

E E ••• E *) « ^^r ^g*) 1 - 1 = ^i^- 

PieVbPi-i&Vi P2 ev 3 & / rw b 

As for part (c), first note that b/<f)(b) <C log log 6, so forp^ > t" 2 , we get that part (6) implies 
our bound. As for pi < t a2 we'll split it into cases where p^ is less than or greater than t a2 . 
If Ps < t a \ then 

E E •■■ E i)< E E •■■ E 



P p n 0(P2)logt/j5 2 

P;eP(, pi-x^Vi P2eV 3 pi&Vb pi-i&Vi P2&V3 

pi<t a 2 P2<i" 2 Pl<t a2 P2<t°"2 

« E E - E ' 



»o log £ 

PZ<t a 2 p 2 <t a 2 

^ t(loglogt)'- 2 

tjiogiogty- 1 

0(6) log if: 

If ps > t a2 , then since b < t° 2 there is a minimum m such that p m < t a2 . So using part (b) 
with I = m we get 

E E ■■■ E *<w)< E E ••• E (p "'" r " It 



0(Pm-l) m logt 

wen Pi-ieP; p 2 e-p 3 wen Pi-ie^ p m +i&V m +2 y to 

p ; <t a 2 p 2 >t a 2 Pl<t°"2 

^ 5 5 Pm-ll0gf 

Pl <t a 2 

t(\o g \ogty- m 



0(6) log* 
t (log log t)'" 1 



<p{b) logt 

since m > 2 and by using Brun-Titchmarsh fTTTj) which finishes part (c) and the lemma. □ 

As for the summations requires for the second moment, we'll note that we need twice as 
many sums due to hk(p) 2 - However the techniques required are similar. 

Lemma 21. Let t > e e and < 2«i < a 2 < 1/2. Then 
(a) // 61 > t ai or b 2 > t ai then 



(26) ^;P2r 2 ,l)« 



t log 2 t 



b\b 2 

P2€V bl 

r2ev b2 
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(b) If neither b± nor b 2 exceeds t ai , then 

(07\ sr sr a u ^ tqogiogt)*- 1 ^- 1 , tjioghgt^bt 1 

0(&i)w)*logt 0(& 2 )0(&i) log* 

(c) If neither b\ nor b 2 exceeds t ai , then 

sr <+ n ^ t(io g iogt) 2fc - 2 

r fc en 2 r 2 en. 3 

(d) // neither b\ nor b 2 exceeds t ai , t/ien 

Again the implicit constants depend on our choice of the a. 

Proof, (a) is similar to part (a) of Lemma 1201 For part (b) we first assume that p k < r k , 
then 



E ■ 


• E * 












r 2 G-P,. 3 




Pk<rk 






p k rk>t a 2 








= E 


• ■ X #U m i>P2,r 2 






P3GP P4 






)-3G-Pr 4 




P k r k >t a - 


2 



m l r 2 p2 + 1 < t,p 2 ,mir 2 p2 + 1 prime} 
J] X "' X X X "XI #{( m i' m 2,r 3 ) : r 3 = 1 (mod r 4 ), 



PfeGPi, 1 Pfe-iGPfe P2GP3 r k €P b2 r k _ 1 £Vr k r^Vr h 
Pk<Tk Pkrk>t a2 



r 3 p 2 > t a2 , m 1 p 2 (m 2 r 3 + 1) + 1 < £, {r 3 , m 2 r 3 + 1, m\p 2 {m 2 r z + 1) + 1} prime} 
^ X ' ' ' X #{( m i> m 2> • • • , m l-i, r l) '■ r i = 1 ( mod b 2 ),P2r k > t°\ 



Pk£Pb x Pk-i&Vk P2&V3 
Pk<rk 

m 1 p 2 (m 2 . . . (m k _ 2 (m k _ir k + 1) + 1) H h 1 < t, {r fc , m k _ir k + 1, 

m k -2{m k -ir k + 1) + 1, . . ., 

m 1 p 2 (m 2 . . . (m fc _ 2 (m fc _ir fc + 1) + 1) H hi} prime} 

< XX ' ' ' X #{ Tk < t /P2 r m 1 ...m k _ 1 : r fc = 1 (mod 6 2 ), 

mi~.mi_i<t 1-a 2 PfeG , P 6l Pk-i&Vk P2&V3 
Pk<rk 

{r k , m k _ x r k + 1, m k ^ 2 {m k _ x r k + 1) + 1, . . . , 

p 2 m 1 (m 2 . . . {m k ^ 2 (m k ^ir k + 1) + 1) H hi} prime} 
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Just like in Lemma [201 we use Brun's Sieve. However, notice that we have almost the same 
set, except with mi replaced with m\p 2 . Hence we have 



< t/p 2 m 1 ■ ■ : r k = 1 (mod 61), {r k , m k _ir k + 1, m fc _ 2 (m fc _ir fc + 1) + 1, 
. . .,p 2 m 1 (m 2 ■ ■ ■ {m k ^ 2 {m k -ir k + 1) + 1) H hi} prime} 

E k ~ x b\r x 6 2 ci . . . c fc _i t/p2"ti • • • m fc _i6 2 
<p(E) k ~ l 0(6 2 ) fc_1 <K&2Ci • • • Cfc-i) (logt/p 2 m 1 . . . m k -ib 2 ) k 



where the q and E are 



E = P 2 \ J\™<i 1(1 +P2"^i +p 2 m 1 m 2 + ... +p 2 m 1 . . .m fc _ 3 )(l + m 2 + m 2 m 3 + 

^ i=l ' 

+ m 2 . . . m fc _ 3 ) . . . (1 + m fc _ 3 )(l + p 2 mi + p 2 m l m 2 H h p 2 m x . . . m fc _ 4 ) 

(1 + m 2 + m 2 m 3 H h m 2 . . . m fc _ 4 ) . . . (1 + m fc _ 4 ) • • • (1 + p 2 mi) 



and for 2 < i < A; — 1, 

Ci = 1 + p 2 m 1 + p 2 m 1 m 2 + h p 2 mi . . . m fc _ 2 , 

q = 1 + rrii + mim i+1 H hmj... m fc _ 2 , c fe _i = 1. 

By the same methods as Lemma [201 and using that p 2 /4>(p 2 ) is bounded and noting that 

1 > T ± > fW2-l = f 

p 2 m 1 ...m k ^ 1 b 2 61 
for some e > since a 2 > 2a 1; we get that 



E "•E^> 1 )<^E E ••• E ^ 

^ ti^ (loglQgt)*- 2 

t(loglogt) fc - 1 6^ 1 
<<C 0(61)0(62)* log* ' 
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The case for r k < p k is similar. As for part (c), first note that bi/4>(bi) <C log log bi for 
i G {1,2}. taking care of the case where p^Tk > t a2 . As for p^k < t a2 we get 

E •■■ E ^;p2r 2) i)« e ■ ■ E 



Pk&V bl P2&V P3 P k eV bl p 2 £V P3 

r k £V b2 r 2 £Vr 3 r k eP b , 2 r 2 eVr 3 
P k r k <t a 2 p k r k <t a 2 

« y ■■■ y —^r- 

P^ H P2 ^ 3 P2r2l0gt 

r k en 2 r 2 dVr 3 
Pkr k <t a 2 



« E 



t (log log t) 



2fc-4 



p^r*. log t 

Pkr k <t a 2 



t(loglogi) 



2fc-2 



0(6 1 )0(6 2 )logt 

using Brun-Titchmarsh, (fTTj) finishing part (c). As for part (d) we note that 

E E 7r ( t ' s ' 1 ) 



E] #{( m i> s) : s = 1 (mod p 3 r 3 ), mis + 1 < t, s, mis + 1 prime} 



?"3G-P r4 



E #{(^1,^2, r 3 ) : r 3 = 1 (mod r 4 ),m 1 (m 2 p 3 r 3 + 1) + 1 < t, 

P3GPp 4 

{m 2 p3^3 + 1, rn 1 (rri2P3r3 + 1) + 1 prime} 



and so on, yielding a similar sieve as part (b). □ 



11. Reduction of J2hk(p) to small values of p k 

We will be using Euler Summation on the sum Y2 p <t ^fc(p) i n our efforts to find our estimate 
for Mi(x). It will turn out that the large primes do not contribute much to the some. The 
sum will involve estimating 7c(t;p, 1) by \i(f)/p— 1. The following lemma will deal with those 
errors and will involve the Bombieri-Vinogradov Theorem. 
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Lemma 22. For all 2 < I < k, x > e e " and v > e e , 

Ek*«E E E ••• E (^--^~) 

q< y k aeN p k €V q a p k - 1 €V Pk P k -l+2eV Pk _ l+3 V Fk 1+1 J 

<< ^logy +li(v)(1 x y- 2 

logv 

Proof. Let E(t; r, 1) = 7r(t; r, 1) - Then we have 



E 




- E 




aeN p k eV q a p k -i£V Pk 


Pk-l+2£'Pp k _ 






Pk-l+2<V X 




= E lo ^E ^ 


E ■ 






Pfc-iePp,. 




p k <v^ 1 - 


Pfc-i<« ' 




«E lo ^E E 


E ■ 




o^yfe aeN p k £V q a 


Pk-ifPp k 




p k <v^ L - 


1 P fc -l<^/3 ( - 2 



E ^( u ;p*-i+2,i) 



*"'+^' Pfe-i+3 

Pfc-;+2<« 1/3 



|E(t;;p fc _; + 2, 1) 



'R-(+^^-' Pk-l+3 
Pk-l+2<V 1/S 

Let f2(m) denote the number of divisors of m which are primes or prime powers. We use 
estimate Q(m) <C logm to get 

E lo g?E E E ••• E \E(v, Pk . l+2 ,i)\ 

q<yk aeN Pk^Vqa Pk-\^V Vh Pk-l + 2&'Pp k _ l + . i 

<\o g {y k ) Yl \E(v, Pk - l+2 ,i)\ E •••£ E 1 

Pk-i+2£Pp k _ l+3 Pfc-i+3bfe-i+2-ipfc-;+4bfe-i+3-i q<y k „ fl e N 

Pfc _« +2 <t;V3 p 3 <^/ 9 Pk-i+4^ 1 / 27 « I™" 1 

<log(y fe ) £ |E( U; p fc _ t+2 ,l)| £ £ ••• E 

Pk-l+2&Vp k _ l+ . i Pfc-!+3|Pfe-i+2-lPfc-!+4|Pfc-i+3-l Pfe^ 1 / 3 * -1 

Pfc-!+2<« 1/3 P3<f 1/9 Pfc-i+4^ 1727 Pfc|pfc-1-1 

<logy \E(v;p k - l+2 ,l)\ E E lo S*- 

Pk-l+2&'Pp k _ l+3 p k _ l+3 \p k _i +2 -l p k -l+4\Pk-l+3-l pk<v l/3 k ~ 1 

Pk-l+2<V 1/3 P3<1> 1/9 Pk-l+4<V 1/27 pjpfc-l-l 

Continuing in this manner we obtain 

E lo ^E E E E \E{v;p k - l+2 ,l)\ 

q<y k aeN p k &V q a P k -l£P Pk Pk-l+2&V Pk _ l+3 

Pfc<f 1/3 ' _1 Pk-l-Zv 1 / 3 '- 2 Pfc-i+2<f 1/3 



<logy(log^ 1 \E(v,Pk-i+2,l)\ < 



logt 

Pfc-i+2€>'p fc _, +3 
Pfc-i+2<f 1/3 
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using Bombieri- Vinogradov. As for the difference between 

E-E E E •■• E i 

and 

(30) E'°-E E E ••• E S 

g<2/fc aSN p k &V q a p k -l&V Pk p k -l + 2£'Pp k _ l + 3 

we get that it is 

h» 



^logg^ ^ ■■• ^ — , 

Pk^/S'- 1 p Jb _ 1 <«l/8'- a Pfe-(+2<« 1/3 



X.' 



<E'°g«E E E -E(^:, +3+1)(i ^, +3) 



g<y ft aeN p fe e-P g a Pk-l&V Pk 

p k <v x / zl ~ X p fc -i<i) 1/3 '~ 2 



h» 



«E lo g?E E E •• E p2 

g <j,fc aeN Pfc eP,« Pk-ieV Pk Pk . l+3 eV Pk _ l+4 F k-i+3 

Pk^v 1 / 3 ' 1 Pk-x^v 1 ^ 1 ' 2 Pk-i+3<v 1/9 

«E'°«E E E - E ^ 

p&<« 1/ ' 3 _1 Pfc-i<f 1/3! ~ 2 Pfc-;+3<« 1/9 



«E 



li(v)(loglogf )' 2 
li(u) (log log v ) l ~ 2 log g 



«E lo s<?E 

q<j/ fc a€N 



g 2 

g<?/ fc 

< h»(loglogt>)'~ 2 

using the Brun-Titchmarsh inequality (fTTj) . the inequality Pk-1+3 > g a and noting that the 
sum over g converges. □ 

Lemma 23. For a// x > e £e and t > e e , 

E^w = E lo g^E E E ••• E nfcp*' 1 ) 

p<t q <yk aeN Pk&'Pqa Pk-i€V Pk P2^V P3 

Pk^- 1 Pk-l<t^ k ~ 2 P2<* V3 

\fc-2 



+ o ( t^ k iogt(iogio g t)-y + t(loglo f } " hgy 

V log* 
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Proof. For a prime p, 

h k(p) = Yl E ■" E E^( pfc_1 ) log9 
= E "* E E^ fc_1 ) log9 

P2|P-1 Pfc|Pfc-i-l q<y k 

since the only prime which can divide p is p itself. Hence 

P<* P<* P2IP-I Pfe|p fc -i-lg<2/ fe 

=E E •■ E EE 

P<* P2|P1~1 Pk\Pk-l~^ q<V k Pk&V q a 

= E^E E E -"EE 1 

? <3,fc aeN Pfe e-p 9 a Pk^eVp p 2 e^ P3 p<* 

peP P2 

= E lo s<?E E E •• E 

We wish to approximate 7i(t;p2, 1) by and use the Bombieri- Vinogradov Theorem to 
deal with the error. However this approximation only allows primes up to say t 1 ^ 3 . So we use 
the estimations in Lemma [2D] to bound these errors. We will see that the main contribution 
comes from pi < t 1 ^ 3 ' and q a < t 1 ^ 3 . 

Using Lemma [20l we get for large q a 



E"*« E E E -E^D«Eiog, £ flosi(1 °!' oef)t " 2 - 

q<yk a£N p k £V q a Pk _ 1 eV Pk p 3 ePp 2 q<y k a€N 

q a >t l/3 q a >t l/3' 

By geometric estimates, if a* is the smallest a where q a > t 1 / 3 *, then we get that the above 
is 

«tlogt(loglogt) fc - 2 ^^ 

z — ' q a 

q<y k 

< t l ~ l ' 3k logt(loglogt) fe - 2 lo S? 

q<y k 

<t i-i/s fc \ ogt (\og\ogt) k - 2 y k - 

Now suppose q a < t 1 / 3 . Let / be the last index (supposing one exists) where pi > t 1 ^ 3 ' 1 By 
using ([23]) where I ranges from 2 to k, we can bound the large values of the pi. 
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I>s« E E •• E E E ■■■ E 



O^yfc aGN PfcG^a Pi + lG'Pp, +2 Pi£'Pp l+1 pi- 1 £'Pp l P2^V I 



„•<<■/> ,«<,./»»-' K+1 < ( i/»' „>,i/>'-' 

<2> 9 E E - E E w '" 1( 



log t 

_a <; .l/3 fc ^.l/a*:- 1 i ,ol + l i ;oI 

<7 S* p k <t 1 / i Pi +2 <t 1/3 P;+i>t 1/3 

«E l0 ^ E E •-• E E 

Q St p fe S* 1/3 P; +2 St 1/3 P;+i>t 1/3 

since is prime and I < k. By Brun-Titchmarsh ( JTTT) we get 

t(log logt) fe ^ 



E lo §^ E 



(7 a log t 

q<yk aGN ' 



? a< t l/3 fc 

t(loglogt) fc ~' logg 

Tl qlogt 
t(log logt) fc - 2 log|/ 
log* 

by ([3]) and since Z > 2. Hence we get 

E^^ = E lo g^ E E E •■■ E 

P<t q<y k aGN p k &V q a Pk -i&V Pk P 2&V P3 

9 a St 1/3fe p^t 1 ^" 1 Pk -i<t^ k ~ 2 P2<t 1/3 



+ o ( \o gt (\o g \o g trv + t(lQglo r )fc ~ 2lQg?/ 

V log* 



finishing the lemma. □ 



12. Evaluation of the Main Term 

Now we'll deal with the main term from Lemma [231 We will deal with estimating the 
individual sums recursively. Hence we wish to make the following definition. 

Definition 24. Let 2 < / < k and 2 < u < t. Then define 

9k,i( u ) = E lo §^E E E E n(u;p k -i + 2, 1). 

q<yk aGN p k eV q a p k -i&V Pk Pfe_ i+2 GP Pfc _ ;+3 

PfcS« 1/a!_1 p fc -iS« 1/3 '" 2 Pfc-i+ 2 S« 1/3 

Note that gk,k{t) is the summation in Lemma [251 Next we'll exhibit the recursive formula 
satisfied by the g k i . 
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Lemma 25. Let 3 < I < k, then 



(31) *,(„) = m I W,(u)du + f^ g lo gv y-- iogv 



u 2 ' \ \ogv 

Proof. We'll proceed by approximating 7r by li and then use partial summation to recover ir. 
Using Lemma [221 we get 



9k,i( v ) = Y lo § 


*E E 


E " 


• E 


q<y k 


aeN Pfc e-P 9 a 








p fc <f 1/3 ^ 


1 -, /,i-2 
Pfc-l<"" 1/3 


Pfc-I+2<^ 1/3 


< Y io t 




E ■ 


E 


q<y k 




Pk-l&"pp k 


Pfc-i+2e7 , p fc _ i+3 






_1 Pfc-l<^ 1/3i ~ 2 


Pfc-I+2<" 1/3 



%) , ^/^ lo S2/ , ! M-2 



Pk-l+2 V logW 



+ — -^+li(u)(loglogi;) 



We use Euler summation on the inner sum to get 

1 _ ir{v 1/3 ]Pk-i+3, 1) r 1/3 7r(n;p fc _; +3 , 1) ^ 

Pfc-/+2 V 1 / 3 J 2 V? 

p fe _i +2 6Fp fc _ ;+3 
Pfe-i+2<f 1/3 

and so we get that 

SwW = iiw£>° g9 E E E - E (^%^ 

g^^fc aeN p k eV q a Pfc-iePp fc p fc _ !+3 e , Pp fe _ i+4 

Pfc^ 1 ^- 1 p fc _ 1 <«V3 ! - 2 Pfc-i +3 <« 1/3 



+ / 5 a« +0[ h h(f)(loglogf) 1 



„„l/3 

■u 2 J \ logv 

Inside the sum by trivially estimating ir(x; q, 1) by x/g inside the sum and using Brun- 
Titchmarsh (fTTj) we get 

Y lo ^l^ 2^ •■■ 2^ ~m 

q<yk a£N p fc eP 9 a Pfc-iePpj. Pfc-!+36'Pp fc _ J+ 4 

p^^/s'- 1 p^^^/a'- 2 p fe - i+3 <^ 1/3 

«E 1 °^E E E - E ^ 

g<y fc aeN Pk^V q a Pk~l£Vp k Pk-l+3&'Pp k _ l+4 

Pfc<f 1/3!_1 Pfc_l<l) 1/3! ~ 2 Pfc-i+3<^ 1/3 



< Y lo s^5Z 



(log log t> 



ii-2 



g<y fe aeN 



„ , (log log u 



,Z-2 



9 

Q<y 

<C (log log v) l ~ 2 logy. 

Multiplying through by li(v ) finishes the lemma. □ 
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We now require a lemma to find the asymptotic formula for hk using the previous recur- 
rence relation 

Lemma 26. Let 2 < I < k. 

. . ku{\og log u) l ~ l logy ( u(\og\ogu) l ~ l w(loglogu)^ 2 log 2 y 

9k,l{U) = TZ -T-7-. h O 



(I — l)!logw \ logw logu 

which implies 

STu r \ H(log log logy f t(\og\ogt) k - 1 
2> (rt = (*-l)!lo g( + °( log* 



+ t(loglo f )fc " 21og y +t i - i / 3fc iogt(togio g t) fc -vY 



Proof. The second formula is derived from the first by setting I = k, u = t and using Lemma 
231 We'll proceed with the first formula by induction on /. Using the estimates we obtained 
via Bombieri-Vinogradov in Lemma [221 we have for I = 2 



9kM = E l°g<?E E n ( u ^PkA) 



q<yk aeN p k GV q a 



/ — ' ' p k \ logM / 



We then use (fT3l) and 

to get 



q<yk a&i Pk&V q u, 

Pfc<« 1/3 



loglog(w 1/3 ) = log log u + 0(1) 



= Ii(«)Oog tog« + 0(1)) £ log 9 E (i + ° ( ^0 ) + ° ( U(M) S l0 S 2 9 E £ 



+ 



u\ogy 



\ogu 

„2 



li W (lo g log« + 0(l))E(^ + o(^))+ 0(H(u) £ ^ + ^) 

li(ii) log log u \og(y k ) + O I li(w) (log y + log log it + log 2 y) + 

logw 



ku log log u log V ^ q( u l°g l°g M _j_ M log 2 1/ 



logW \ logW logW 
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completing the base case. Now using Lemma [251 we get 
t \ rn 1 / \ 7 , ^/w(loglogw)'- 2 log?/ 

J 2 « V logtl 

= r 1 3 1 f kujlog log m)'~ 2 logy / ^(loglogM)^ 2 

" '^A « 2 V (/-2)!log« + V logw 

n(loglogM) i_3 log 2 ?/\\ /f (log log f)^ 2 logy 

au + O 



\ogu J J \ \ogv 

= li(v) [ Vl/3 ( fc ( lQ g lo g M )'~ 2l °g^ , ( (loglog^)'" 2 (loglogw) z ~ 3 logV . , 
7 2 \ (/ — 2)!ulogw \ wlogu u log it 

( v{\og log i;)'" 2 logy 

\ \ogv 

= *m»)(bgtogy-bg» + o(li( t ,)(loglog^3 ) « + ^jpcgtag^j-tog. 

f (log logf )'~ 2 logy 
logf 

Once again by using 

log log v 1 / 3 = log log v + 0(1) 

we get 

kv (log log v) 1 ^ 1 logy ^ q( f (log log i;)' -1 ^(loglogf ) i_2 log 2 y t> (log log v)' -2 logy 



(Z — l)!logt> \ log?; logf logw 

fcu(loglogu logy ^ ^i; (log log?; | v (log log f )'~ 2 log 2 y 



(/ — l)!logf \ logf logf 

completing the induction. 

13. The Proof of the First Moment 
We now are in a position to prove the propostion for the first moment. 



Proof of Proposition nj_ 



M 1 (x) = 



hkip) 



v 

p<x 1 



p<e e r e e <p<x r 

o(D+ £ Mri (§+/"§) 



e e <p<x e<i e e <p<t 
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Using t = x in Lemma [26] we get that 

. / v xy^logy 

V h k {p) < — 

*— ' logx 

e e <p<x ° 

and since 

e e <p<t 

differs from 

P <t 

by a constant, we get that 

M x {x) = 0(1) + -o(-^— + f — f ^^ogtf^hgy | Q ^(loglogt) fc -' 



x \ logs / J e e t 2 \ (fc — l)!logt \ logt 

1 — -2 , 



+ f "° e Xr ioe y + logtdogiog^-y)) 

using Lemma [261 Noting that 

j^t 1 - 1 ^ logt(loglogt) k -Y 



X a.k 



y k dt 



yields 



+ 



(}( fcN ( v k ll °gy \ r dt f kt{\og\ogt) k 1 \ogy / t(loglogt) fc 1 
" ' 1 logx ) ] e e P\ {k-l)\\ogt V log* 

t(log log£) fc ~ 2 log 2 y 
log* 

= 0(y fe ) + ggggfl^ + o((loglogx) fc + (log log x)^ log 2 y 
(ife-l)! iy ; 

as needed. □ 

14. The Proof of the Second Moment 



We now turn our attention to the second moment. Our first lemma will bound the case 
where p% = r% and then we'll use the summations from Lemma 1211 to take care of the rest. 
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Lemma 27. 



ioggiio g g 2 Z Z Z ••• Z Z Z 1 

Ql,Q2<V k ai,a 2 GNp fe GP a x p k - 1 eV Pk P3^V Pi s£7> P3 C\Vr 3 P<t 

q 2 



,_ e fc . t log log t 2fc " 2 , 2 

< t 1 e y fe log y + 6 6 / log 2 y 

log* 



/or some e > 0. 
Proof. Our sum is 



J2 loggilogg 2 ^ ^ Z Z) Z Z 1 

qi,q2<y k ai,a 2 GNp fc eP oi Pk-i&v Pk P3eV Pi seV P3 nv r3 p<t 



rkeV q l 2 r^eVrl r z eVrl "pep, 

9 2 



= ^ loggxloggs ^ ^ Z Z Z 7r ( t - s ' 1 )- 

qi,Q2<y k a!,a 2 eNp fe e:P ai p k -ieV Pk pzeV Pi s&V P3 r 3 

r k£P l 2 r fc _i67» rfc r 3 e7> r4 

We split up into two cases. If g^gj? 2 > ^\ then suppose g" 1 > t a ^ 2 . (the other case is 
analogous) We get from the trivial bound on n(t; s, 1) that 



Z lo g^ lo s^ Z Z Z ••• Z Z 7r ( t - s ' 1 ) 

tlogt 



qi,<i2<y k ai,a 2 eNp fc GP ai p k -i&V Pk P3&V Pi seP P3 r 3 

9 2 



= ^ loggiloggs Z Z Z Z 

a-i ^ ,2L ' 1 



9 2 



Z lo g^ lo g?2 z z z ••• z 

qi,Q2<y k ai,a2eNp fc eP a! p k -i&v Pk P3&V PA 

r k evl 2 r k-ieVr k r,ev r4 

q 2 



t log t log log t 



^ log ft log g 2 ^ » 2 



qi,Q2<y k ai,a 2 eN 



2fc-3 



By letting A = minjalgj 11 > t"} we get 

^ tiogtqogiogt)^ 1 

< > loggilogg 2 j 

^ k ^2 

<^-f logt(loglogt) 2fc - 3 £ tog ft £ bgg2 



g 



<^- e y fc logy. 
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If q°^q% 2 > t a , then by Lemma [2T1 part (d) we get 

J2 ioggiio g g 2 Yl Y Y •• Y, Y ^S' 1 ) 



< Y lo g9ilogg 2 



t(log logt) 



''4 



2fc-2 



g? 1 ^ 2 logt 



9i 9 2 

2fc-2 



// i i t(loglogt) 



9192 logt 

t(loglogt) 2fc ~ 2 / ^ logg x " 

logt VtI 9 

t(logJogt)^ 2 

< i — 7 log y 

logt 

by (j3J), completing the lemma. 

□ 

We now have enough to finish the second moment which is the final piece of the puzzle. 
Proof of Proposition [731 

Emp) 2 = e(E E - E E-.fe- 1 )^) 2 

= lo g9ilogg 2 5^ 5^ 5^ ••• Y 1 

HA2<y k oi,aa6NpfceP »i Pk-i&Vpj, P2&V P3 p<t 

since the condition pi | p only occurs if pi = p. We then split up the sum according to 
whether or not p 2 = ?"2- Lemma [271 deals with the part where s = p 2 = r 2 leaving us with 

lo s9iiogg 2 Y Y Y - Y Y 1 

qi,q2<y k ai,a 2 eNp fe e'P Pk-i& r P Pk P2&V P3 p<t 

+ o( f --Vio gy + teg^ Vv). 

The sum becomes 

loggilogg 2 ^ "' ^(^^2^,1). 

iiA2<y k ai,a 2 eNp fc e , P ai p k -\^P Pk p 2 e'Pp3 

9 2 

If g" 1 > t Ql , then so is p 2 , and hence by ( l2T)j) we get 
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ioggiio g g 2 Yl E E ■•• E ^7 

qi,Q2<y k ai,a 2 gN p fe eP ai p k -i&V Pk P3&V PA 



q 2 

2 +/1 ,1 - + \2A,—4 



„ \^ n , tlog t(loglogt) 



<?i,<?2<2/ fc oi,o 2 eN 1 z 

«t 1 - Q Mog 2 t(loglogt) 2fc - 4 log gi log ^2^4 

qi,q 2 <y k «2eN ^ 2 

^,i-an 2 ./i , ,N2fc-4 loggilogg 2 
<Cr 1 log t(loglogt) > 

< t 1 -" 1 log 2 t(log log t) 2k ~\y k logy). 



We similarly get the same bound if q^ 2 > t ai . If neither of g" 1 , q% 2 exceed t ai , then by (|28|) 
and using that for 6j = g 4 ai 

6, „ 1 1 



0(6<) 0(6i) 6i 
we get 

E i°g ^1 log g 2 Yl E E"'E E"'E a^p^a) 

qim<y k ai^eN p k ev ai p k _ 1 ev Pk Pi&v Pi+1 p i - 1 ev Pi P2&v P3 

9 2 



< E log ?i log ?2 



£(log logt) 



2fc-2 



O^Qn 2 lOgt 

qi,q 2 <y k ai,a 2 eN ^ ^ 2 to 



t(loglogt) 2fc 2 ^ loggilogg 2 



logt 

Hence the above gives us that 



9i ,q 2 

logt ^ . <?i<?2 

t(loglogt) 2fc - 2 log 2 ?/ 



V- > , N2 ^ fe , , t(lQglogt) 2fc 2 lQg^ 

>h k (p) <t y logy + — . 

^ logt 
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Using partial summation we have 




< — . — + x~ e y k log y + (log log x) 2k ~ l log 2 y 



logx 




□ 



15. Theorem [2] 

We now turn our attention to the proof of Theorem [2j It will be necessary to use the 
following upper bound for the Carmichael function of a product. 

Lemma 28. Let a, b be natural numbers, then 



Proof. We first note that it suffices to show the inequality whenever b is prime, because if 

b = px...p k 

where the pi are not necessarily distinct, then repeated use of the theorem where b is prime 
yields 

X(ab) = X(api ...p k ) < P\X(ap 2 . . .p k ) < • • • < Pi ■ ■■PkK a ) = bX(a). 
If b is a prime which divides a, then 

a = b e p e i . . . p^ k and ah = b e+1 p e ^ . . . p^ k . 



where the first inequality is in fact an equality if b e = 4. Also note that in this case, it would 
not be hard to show that X(ab) \ bX(a). If (a, b) = 1, then 
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(32) 



X(ab) < bX(a). 



Therefore 




<lcm ^A(6 e ),A( P r),...,A(^)J 

<6*lcm (x(b e ),X(p?),...,X(p e k k ) 
= bX{a) 



X(ab) = 1cm lb- 1, X(pT), ■ ■ ■ , Kp[ 



<(6-l)lcm(A(pr),...,A(p: 
< b\(a), 

ending the proposition. □ 

Suppose that g(n) is an arithmetic function of the form <p{h(nj) where h{n) is a (k — l)-fold 
iterate involving (f> and A. Then we can use equation fl32|) to get 

Xi + k(n) < XMn)) < xJ-^M-X^n)) < X l+k {n) 9[ " ] 



Afc(n) 1 Afc(n) 



Since g»(n) <nwe have that 



{ TX ) / 1 

< = exp - — (1 + Ofc(l))(loglogn) fc logloglogn 



Afc(n) A fc (n) V.( fc - 1) 

by Theorem [1] and hence 



Xi +k (n) < Xi(g(n)) < A '(|j^M™)J < X l+k (n) exp ( ^ (loglogn) fe (l+o fc (l))loglogloi 



From the fact that 



we get 



A*+fc(n) = nexp ^ - ^ - |— (1 + o iifc (l))(loglogn) fc+ ' log log log 
Mfl'W) = ™exp ^ - + ^, (1 + 0;, fc (l))(loglogn) fc+ 'logloglog 



n . 



As for <p(g(n)) we note that unless g(n) = 0fe(n), #(n) can be writen as <fii(h(n)) where fo(n) 
is a (A; — /)-fold iterate beginning with a A. From above we can see that 

h{n) = raexp ^ - ^ _ ^— ^ (1 + o fc (l))(loglogn) fc ~' logloglognj 

and so 4>{h{n)) is bounded above by h{n) and below by 

h{n) h(n) 
e~< log log h(n) + i og i g fe(w) eTlog(logn- (fe J^, (1 + o fc (l)) (log log n) k ~ l log log log n) 

h{n) 

log log n - 0{ {k _ l _ l mogn {l + Ofc(l))(loglogra) fc -nogloglogra) 

= h{n) exp (O(logloglogn)) 

which is within the error of h(n). Hence any string of <fi will not change our estimate. 
Therefore if g(n) is a fc-fold iteration of <p and A which is not </>/c(n), but which begins with 
I copies of 4>, then 
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g(n) = nexp ^ - ^ - - _ ^ (1 + o fc (l))(log logn) fc 'log log log nj 
yielding our theorem. 
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